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The objective

» Reduce the dimension of an ODE system that models CRN.
» But first: Identify parameter regions that allow for reductions.
» Toolbox (of choice): Singular perturbation methods.



PRE-SYMBIONT

Recalling work by and with

Alexandra Goeke
Christian Lax
Lena Nothen

Eva Zerz



Tikhonov and Fenichel: Basic theorem
System with small parameter € in standard “slow-fast” form

X1 :fl(Xl,Xz)—i-E(...), x1 € D CR",
o =ceh(x, x)+e?(...), xp € GCR®
Slow time 7 =ct:  ex; = fi(x1, x2)+ -, xp=h(x, x2)+ - .

Assumptions: (i) Nonempty critical manifold

7= {()/17 )T €D xG; filyr, yo) = 0};

(i) there exists v > 0 such that every eigenvalue of D1f(y1, y2),
(y1,y2) € Z has real part < —v.

Theorem. There exist T > 0 and a neighborhood of Z in which,
as € — 0, all solutions (in slow time) converge uniformly to
solutions of

Xy = fo(x1, x2), f(x1, x2) =0 on [to, T] (to > 0 arbitrary).



Tikhonov-Fenichel: A visualization
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Chemical reaction networks

CRN model from a distance: Parameter dependent ordinary
differential equation

x=h(x,7), xeR" 7eR"
with polynomial right hand side.

Why? Mass action kinetics, thermodynamical conditions fixed;
spatially homogeneous. Parameters: Rate constants, initial
concentrations.

Questions:
» How do singular perturbation reductions enter this picture?
> More to the point: Where is that 7



Transferability to standard form

Parameter dependent system
x = h(x,n)
versus system in Tikhonov standard form

x|y = ﬂ(Xl, X2)—|—6(...),
X2 = ehx, x2)+e?(...).

Preliminary step: For suitable 7 (to be determined) consider
system

x=h(x,74+ep+--)=80(x)+egMW(x)+2---.

Re suitability of 7: Scenario must be singular; i.e. the vanishing
set of g(®) contains a submanifold Z of dimension s > 0.
(Proof. Look at standard system when ¢ = 0.)



Tikhonov-Fenichel: Identification

Proposition. Assume dimZ = s > 0. Then
x=gO(x) +egW(x) + ...

admits a coordinate transformation into standard form and
subsequent Tikhonov-Fenichel reduction near every point of Z if
and only if
(i) rank Dg(®(x) = r :=n—s for all x € Z;
(i) for each x € Z there exists a direct sum decomposition
R" = Ker Dg(®(x) @ Im Dg(®(x);
(iii) for each x € Z the nonzero eigenvalues of Dg(%)(x) have real
parts < —v < 0.

Caveat: Explicit computation of coordinate transformation is
generally impossible (but we don't mind).



Finding suitable parameter values, part 1

Definition: We call @ a Tikhonov-Fenichel parameter value
(TFPV) for dimension s (1 < s < n— 1) of X = h(x, ) if the
following hold:
(i) The vanishing set V(h(-, 7)) of x = h(x,7) contains a
component Y of dimension s;
(ii) there is a € Y and neighborhood Z of a in Y such that
rank Dyh(x,7) =n—s and

R" = Ker Dyh(x,7) & Im Dyh(x,7), forall x € Z;

(iii) the nonzero eigenvalues of D, h(a, ) have real parts < 0.

Note: Conditions essentially by copy-and-paste from
characterization above. Therefore reduction works for small
perturbations T +¢ep 4 - - - .

1For generic parameters there should be only isolated stationary points.



Finding suitable parameter values, part 2

Denote the characteristic polynomial of the Jacobian D, h(x, ) by
X(1, %, ) = 7"+ opo1(x, 7)o o1 (x, )T + oo(x, T)

Proposition. A parameter value 7 is a TFPV with locally
exponentially attracting critical manifold Z = Z; of dimension
s >0, and xg € Zs, if and only if the following hold:

> h(X0,7/f) =0.
» The characteristic polynomial x(7, x, ) satisfies
(i) oo(x0, ™) =+ =0s-1(x0,7) =0;

(ii) all roots of x(7, x0,7)/7° have negative real parts.

» The system X = h(x,7) admits s independent local analytic
first integrals at xp.



TFPV for irreversible Michaelis-Menten
System

5§ =— kiegs + (k15 + kfl)C,
c = kleos — (kls + k_l + kQ)C
with Jacobian determinant d = 0y = ki kp(eg — ©).

Three equations (also d = 0): Eliminate s and c.

Result: A TFPV (&, ki, k_1, k») satisfies

Small perturbations yield all relevant cases:

el & &

€ €
kl or 6kik or kl or kl
k_1 k—1 ko1 ekZy

ks ko ek} eki



Finding suitable parameter values, part 3

» Characterization above provides an algorithmic access: For a
TFPV 7, one has more equations for x than variables.
Elimination (e.g. via Grobner) is possible.

» For CRN this works better than expected (see MM example
above), but limitations exist.

» Desideratum (as they say in the humanities): Relate TFPV to
structure of CRN.
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ODEs for mass action networks: A closer look

Proposition (Horn, Jackson). The dynamics of a mass action
CRN is determined by the ordinary differential equation

x=F(x,k) =Y A(k) - v(x)

for the concentrations x; of the chemical species X;.
> r € R, stands for the reaction rate parameters.
» Complexes Y; =3, y;jX;, 1 <j < d, with yj; € Z>o.
> Y = (y;) € R"™ is the complex matrix of the network.
> Moreover

v(x) = (‘/j(x))lgjgw vi(x) = H x7 briefly v(x) = xY.
1<i<n

» A(k) is called the reaction rate matrix.



Structure of the reaction rate matrix

Laplacian matrix

— D071 Y1 e Vd1
Ar):=| T2 ; : € R9d
: ' Yd,d—1
Y1d S Yd—1d  — 2op7Vde

with nonnegative ;.
Note: All non-diagonal entries > 0 and all column sums = 0; thus
(1,...,1)- A(k) =0.



Laplacians: Some facts

» Reducibility: A Laplacian matrix is reducible
if it can be written (up to permutation of indices) as

A= A Aw resp
0 Ax '
Further refinements may be possible.

» Proposition. An irreducible Laplacian A has left kernel
spanned by

(1,...,1).
» The kernel dimension of any Laplacian is well understood.

» Alle nonzero eigenvalues have real part < 0.



CRN, Laplacians and graphs

> A CRN with mass action kinetics may be seen as a labelled

digraph: The complexes are nodes, the reactions are arrows,
the rate parameters are labels.

» Properties of the graph correspond to properties of the
reaction rate matrix. For instance, the graph is disconnected if
and only if the matrix is decomposable.



Notion of TFPV - An adjustment for CRN

Definition: Let X = h(x, ) admit s* > 0 independent

stoichiometric first integrals for all 7. We call # a TFPV for

dimension s (s* +1 < s < n—1) of X = h(x,7) if the following

hold:

(i) The vanishing set V(h(:, 7)) of x = h(x,T) contains a
component Y of dimension s;

(ii) there is a € Y and neighborhood Z of ain Y such that
rank Dyh(x,7) =n—s and

R" = Ker Dyh(x,7) ® Im Dyh(x,7), forall x € Z;
(iii) the nonzero eigenvalues of D, h(a, ) have real parts < 0.

This yields the original definition for restrictions to stoichiometric
compatibility classes (SCC).



TFPV from CRN structure - Where to look?

Recall structure of ODE:
x =Y A(R)- xY

with Laplacian matrix A(k). Need to understand variety of
stationary points.

» First approach: Ker A(k) is well understood; dimension
apparent from reducibility properties or graph connectivity.

» Second approach: Stationary points from x¥ = 0, regardless
of other ingredients.



Example: Reversible Michaelis-Menten
Reaction network G(k):

X1+X2%X3%X4+X2.

Differential equation:

X1 1 00
% 10 1 —K1 K_1 0 X1X2
2| = k1 —(k—14+k2) K2 || x|,
3 0 10 0 K —K X1X.
X4 001 2 -2 174
with
1
1 8 2 —K1 K_1 0 X1X2
Y = 01 0 JAR)=| k1 —(ko1+R2) ko2 |,v=| x3
00 1 0 K2 —K_2 X2 X4

For this system, Ker Y - A(k) = Ker A(k).



Deficiency zero networks

x =Y A(k) - v(x).

Definition. One says that the network has deficiency zero when
Ker Y - A(k) = Ker A(k) for generic k.

Note: This property is inherited by all specializations k.

A consequence of Horn-Jackson-Feinberg structure theory:

Theorem. Let a weakly reversible network G(k) of deficiency zero
be given, with n species and d complexes. Let K € RZ, be such
that the induced subnetwork G(&) is weakly reversible and has
more connected components than G.

Then K is a TFPV of the system for dimension n — d 4 r, with d
and r the number of complexes, respectively, connected
components of G(R).



Example: Competitive inhibition

Competitive inhibition network with reversible product formation:
K1 K2 K3
X1+X2ﬁx3ﬁ:_2x4+X27 X5+X2H:_3X6.

This reaction network is weakly reversible with deficiency zero.

By the Theorem, setting either k1 = k_1 =0, or kp = Kk_p =0, or
k3 = k_3 = 0, the number of connected components increases by

one, and the resulting rate parameters are TFPVs for dimension 4.

In addition, choosing two of the three pairs to be zero, one obtains
TFPVs for dimension 5.

For restrictions to (three dimensional) SCC: TFPVs for dimension
one and two, respectively.

Note: We have found TFPV without recourse to algorithmic
algebra.



The other approach: Canonical scalings

Genuinely nonlinear heuristic for mass action systems

x=Y- Ak) x".

» Fact. The irreducible components of the variety defined by
xY = 0 are coordinate subspaces, i.e. defined by equations

X,'1:"':X,'r:O

withsomer<nand 1 <i <---<i <n.

» Heuristic: For every nontrivial choice of such a coordinate

subspace the scaling
*

= EX:

Xj i

k
yields a slow-fast system for which Tikhonov may apply.

» Fact. Under suitable conditions, such scalings correspond to
stoichiometric first integrals and TFPV on SCC's.



Example revisited: Reversible Michaelis-Menten

Differential equation:

X1

. 100 —K1 K_1 0 X1X0
2 = 1 01 k1 —(k-1+kK2) Koo || x3
3 0 10 0 K —K X1X.
with
X1X2
x¥ = X3
X2 X4

» The variety defined by x¥ = 0 has two components
xp=x3 =0resp. xgy =x3 =x4 =0.

» These correspond to the first integrals xo» + x3 and
X1+ X3 + X4.



Reversible MM: Scalings

Scaling x» = € x5 and x3 = € x§ yields the slow-fast system
g 2 3

. * *

x1 =€ (—kix1x3 + K_1x3 ),

.k * * *
X5 = —Rix1Xp + (K—1 + K2)x3 — K_2X3 Xa,
.k * * k

X3 = Kix1xy — (K—1 + K2)Xx3 + K_2X3 Xa,

X4 = € (Kox3 — K_2Xp Xa).

After reducing with first integral x5 + x3, Tikhonov theorem is
applicable.

Resulting slow system admits another first integral (inherited from
x1 + x3 + xa), total reduction to dimension one.



Thank you for your attention!
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