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Systems biology : how the cell works

Signalling networks: information transfer

Gene networks: Decision making



Chemical reactions networks

Reactlons

MAPK + PP- MAPKK == MAPK:PP-MAPK ‘% P-MAPK + PP-MAPKK

K
,, (Papi)

A.-j Differential equations:
AMAPK] — — k;F[MAPK] [PP-MAPKK] + k; [MAPK:PP-MAPK]
aikeicee Al Fe- PAAPK) _ = k; [MAPK] [PP-MAPKK] — (k;” +
k2 ) [MAPK:PP-MAPK]

T dpeaark MAPK] — — ;" [MAPK] [PP-MAPKK] + (k; +
ko) IMAPK:PP-MAPK]
Michaelis-Menten equations




Chemical kinetics: polynomial ODEs
x1'= k3*x13 + k4*x13 - k2*x1*x3

x2"=k6*x14 +
x3'=k3*x13 +
x47=k4*x13 +

k16*x16 —
x57=k9*x15 +

+k28*x18

x10"=k28*x18
x117=k24*x22

x12"=k12*x20

k7*x14 - k5*x2*x4

k7*x14 - k2*x1*x3

k6*x14 + k9*x15 + k10*x15 + k15*x16 +
k5*x2*x4 - k8*x4*x5 - k14*x4*x6
k13*x20 - k8*x4*x5

x67=k10*x15 + k15*x16 + k12*x20 + k19*x19
- k14*x4*x6 - k11*x6%x12
x7'=k16*x16 + k18*x19 + k21*x17 + k22*x17 + k27*x18

- k20*x7*x8 - k17*x7*x12 - k26*x7*x9

x8"=k21*x17 + k25%*x22 - k20*x7*x8
x97=k22*x17 + k27*x18 + k24*x22 + k31*x21
- k26*x7*x9 - k23*x9*x11

+ k30*%x21 - k29*x10*x11
+ k25*%x22 + k30*x21 + k31*x21

- k23*x9*x11 - k29*x10*x11

+ k13*x20 + k18*x19 + k19*x19

- k11*x6*x12 - k17*x7*x12
x137=k2*x1*x3 - kd4*x13 - k3*x13
x14"=k5*x2*x4 - k7*x14 - k6*x14
x157=k8*x4*x5 - k10*x15 - k9*x15
x16"=k14*x4*x6 - k16*x16 - k15*x16
x177=k20*x7*x8 - k22*x17 - k21*x17

x18"=k26*x7*x9 - k28*x18 - k27*x18

x197=k17*x7*x12 - k19*x19 - k18*x19
x20"=k11*x6*x12 - k13*x20 - k12*x20
x217=k29*x10*x11 - k31*x21 - k30*x21
x22"=k23*x9*x11 - k25*x22 - k24*x22



Model order reduction

From Radulescu et al 2008

produce models with less variables, parameters and differential equations;

keep only minimum details



Model reduction methods

Quasi-steady state: Briggs,Haldane (1925); Bodenstein(1913);
Semenov, Frank-Kamenetskii(1939); Segel and Slemrod (1989);
Radulescu et al (2008); Goeke and Walcher (2013);

Quasi-equilibrium: Michaelis-Menten (1913); Gorban et al (2001);
Radulescu et al (2012);

Singular perturbations, slow/fast systems: Tikhonov (1952);
Hoppenstaedt (1967); Fenichel(1979);

Singular perturbations, multiple timescales: Hoppenstaedt (1967);
O’Malley (1971); Cardin and Teixera (2017);

Linear networks with totally separated constants: Gorban and
Radulescu (2008);

Singular perturbations and tropical scaling: Noel et al (2012); Samal
et al (2015); Radulescu,Grigoriev,Vakulenko (2015); Kruff et al (2021);



Slow/fast systems: quasi-steady state approximation

— " T , aX
______________ Pl e '(F(X,Y)+€eFR(X,Y))
z : ay b
o — = Gi(X,Y)+e°G(X, Y
> at 1( ) )+ 2( ) )
L]

quasi-steady states are hyperbolic
R(Spec(DxFi(X,Y))) <0,F(X,Y)=0

P B o1~ A Ms—m
. o1 ). ..

©3 Fast dy

= Gi(w(Y).Y)

X =y(Y) solution of F{(X,Y)=0

“Siow manifoid

from Chiavazzo et al Comm.Comp.Phys. 2007



Approximate conservation laws: quasi-equilibrium

-

X1+ X2 + x3 is an approximate

1 —

conservation law

e~ Dx®(X)Fi (X,Y) =0.

ax

o e (Fi(X,Y)+€e2F(X,Y))
ay

o - Gi(X,Y)+€PGa(X,Y)

The fast dynamlcs

~=¢ 'F(X,Y)hasa
conservation law.

Dx®(X)Fi(X,Y)=0= 92X



Approximate conservation laws: quasi-equilibrium

6 —o -

X1+ X2 + x3 is an approximate

conservation law

aX

o e (Fi(X,Y)+€e2F(X,Y))

dy

o - Gi(X,Y)+€PGa(X,Y)
The fast dynamics %X =€~ 'F;(X, Y) has a

conservation law.

Dx®(X)Fi(X,Y)=0= 92X
£ 1Dx®(X)Fi(X,Y) = 0.

Dxx®(X)Fi(X, Y)+ Dx®(X)DxFi(X,Y) =0
Dx®(X)DxFi (X, Y) = 0whenFy(X,Y) =0
|DxF1(X,Y)|=0,F(X,Y)=0

quasi-steady states are degenerated.




Earlier results on degenerated QSS

@ Critical singular perturbations, Boundary series, Two time-scale
expansions: Vasil’eva and Butuzov (1973).

@ Formal solution using nonlinear conservations: Schneider and
Wilhelm (2000).

@ Formal solution using linear conservations, heuristic for timescales :
Gorban, Radulescu, Zinovyev (2010).



Formal scaling

The model is S, := {x1 = fi(k,X), ..., X, = f,(k,x)},where

r
fi(k,x) =Y Sjkix% € Z[k,X] = Z[k1,..., K., X1, ..., Xn].
j=1

Rescale k; = kie®, x; = ye%

Obtain S; = {y; = Zs"’”S,,k y% |1 <i<n},where
j=1

Vij = ¢+ (d,0y) —di.



Formal scaling

change time T =¢€t,u=min{y; |1 <i<n1<j<r S;#0}
Letaj=vy;—u>0,a=min{a; |1 <j<r,S;#0}>0and
a@-:a,-j—a,->0. We get

vi=e (Y siky+ Y Siketiy®),

aj=a; aj#a;

Timescale orders: €%, y; (thus x;) is fast if a; is small.
Tropical equilibration condition: for all i € {1,...,n} the set a; = a
contains at least one positive and one negative monomial.



Formal scaling

Change parameter & = e'/° where o is the least common multiple of all
denominators of the rational orders.

y, = 8(FD (k. y) + 8972 (K, ,8)), by € Zoo, bl € g

1(ky)= L siky" =18 ky".
/

ajj=a;j

Pky.8) = ¥ skshy =Y sy,
J

aj#a;
XI:ﬁ(1)(k7X)+’c,( )(k X) ZS(-LZ)I(]‘XOL/
Truncated system

s = F (i, x), FO = (17, V)T,



Approximate conservation laws

e The truncated system is x = F()(k, x).

An approximated conservation law is a function ¢(x) satisfying
Dx0(x)F() (k,x) =0, for any x € R”. If this is true also for any k € R,
the conservation law is unconditional on the parameters.



Approximate conservation laws

e The truncated system is x = F()(k, x).

An approximated conservation law is a function ¢(x) satisfying
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o A set

P(x) = (91(x),...,05(x))"

of approximate conservation laws is called complete if the Jacobian matrix
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has rank n for any k € R” ;, x € R satisfying F(")(k,x) = 0.
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Approximate conservation laws

e The truncated system is x = F()(k, x).

An approximated conservation law is a function ¢(x) satisfying
Dx0(x)F() (k,x) =0, for any x € R”. If this is true also for any k € R,
the conservation law is unconditional on the parameters.

o A set

P(x) = (91(x),...,05(x))"

of approximate conservation laws is called complete if the Jacobian matrix
JF(1)7¢(kax) = DX(F(k,X),CI)(X))T

has rank n for any k € R” ;, x € R satisfying F(")(k,x) = 0.

e The set is called independent if the Jacobian matrix of ®(x) with respect
to x has rank s for any k € R” o, x € R such that F(")(k, x) = 0.

e Properties tested using parametric rank computation.

Proposition: If a system has a complete set of conservation laws, then the
intersection of the steady state variety Sx = {F(")(x, k) = 0} with

{®(x) = co} NRZ,, where ¢y € R" is finite.



Approximate conservation laws as slow variables

@ Let d(xy,...,xp) alinear, monomial or polynomial approximate
conservation law.

@ & depends on x; if g—f_ #0.

@ & is irreducible if there are no @1, ®, depending on distinct sets of
variables such that ® = &4 + $, or & = P D,.

@ Let g = ®(x) a new variable.

Theorem: If® is an irreducible linear, monomial or polynomial approximate
conservation law, then q is slower than all the variables x; on which ® is
dependent.

For the proof one needs to consider the dominant term (valuation) of g.



Michaelis-Menten example

k-
S+Ek:‘Eski§>E+P
2

X-1 = —k1 X1X3 + k2X2
X.2 = k1 X1X3 — k2X2 — 6/(3X2
X.3 = 7/(1 X1X3 + k2X2 + 6k3X2.
The truncated system
X1 = —kixixzs+koxo
X2 = kixix3—koxo
X3 = —kixyxz+hkoxp

has two irreducible linear conservation laws

X4 = X1 + X2 and X5 = Xo + X3.

They are independent and can be used to eliminate two fast variables
Xo = X4 — X1,X3 = X5 — X4 + Xq.



Michaelis-Menten example

In the new variables

X-1 = —k1x1(X5—X4—|—X1)—|—k2(X4—X1),
Xy = —Oks(xs—xy),
X5 = 0

Xy is slow, x5 is conserved.
Turn x5 into a parameter x5 = Ky

X1 = —kixi(ks —Xa+x1)+ko(Xa —x1)

X'4 = 8k3(X4—X1)

which is a standard slow/fast system with hyperbolic quasi-steady state.



Numerical test of the reduction

15

S+SE

concentration

0.5r 1

-1 1 2

time



Schur complement

A
LetM<C

g) be a block matrix such that A is invertible.
AX+BY =0
CX+DY=(D-CA 'B)Y

M/A= D— CA~'Bis called Schur complement of the block A of M. It

satisfies:
M| = |M/A]||A|, Schur formula,
rk(M) = rk(M/A)+ rk(A), Guttman rank additivity formula.
FX(Xv Y) =0

Fred(Y) - FY(Xv Y)

F
DyFreq(Y) = Dx,y [F);] /Dx Fx



Nested reduction

Set v =180, §; = §%+1 bk Setd; =8 =...=8_1=0

6162...6[712{] = (?$1)(I_(72)+§1(E721S))7 0:?$1)(l_(72))

812, = (R (k,2)+8,_(k,2,5 =" (k

1124 = (f_3(k,2) + 8,1 (k,2,8)), 0="1"(k,z),

= (1" (k.2)+5/(k.2.5)). 2= (k. 2),

2]y :51(?51)1(’_‘71)+§/+1(’_‘7273))7 Zj = 5/(71(1)1(’_‘72)+§/+1(’_‘azj)),

2 = 88141 1(f J(k,2)+80(K,28)).  Zy=88111...8m1(Ty) (K, 2) +Gn(k,2,5)).
s s

3
[Cardin and Teixera 2017] When §,_1 — 0, the solutions of Sé') converge

uniformly on [0, T] to solutions of S(I), provided that
R(Spec(Dz, F\" /Dy, 17:&”1)) < o on My = {F{)(k,z) = 0} for
1< k </, where F") = (A .. FT,



Nested reduction

SetT/:st’,Bk = §%+1bx Setd; =8 =...=98,_1=0
8182...8 12, = (R (k,z) + 3, (k. z,5)), 0=#"(k,z2),
812y = (R (k.2) +§)4(k,2.5)), 0=7{(k.2),
z= (7" (k.2) +§/(k,2.5)), 2 =1"(k.2),
2, =8} (k.2) +3,,1(k.2.3)). 2, = 8(7 (k.2) +8,,1(k,2.5)),
2, =80841... 8 1 (10 (k.2) + Gn(K.28)). 2y =8B1s1...8m1(T) (K.2) + (k. 2,5)).
Sé/) s

[Cardin and Teixera 2017] When §,_1 — 0, the solutions of Sé') converge
uniformly on [0, T] to solutions of S(()l), provided that

R(Spec(Dz, F\" /D7, ,F\".)) < 0o0n M := {F\")(k,z) = 0} for

1 < k </, where I_-'S) = (?51),...,?,(<1))T.

Not applicable if F'f” has approximate conservation laws.



Reduction with approximate conservation laws

The following conditions are satisfied:
1. Thereis x € R”, such that F\")(x) = 0. For all x € R7, such that F\")(x) =0,
|Dx, F\"| #£0forall k € {1,....1— 1}, and |Dx, F{")| = 0.

2. There are complete, irreducible, independent approximate conservation laws
@)(x) = (¢1/(x),...,05:(x))T depending only on X, such that

(1)
(Dx,q)/)Ff‘) =0, rk (Dx/ <’;’) >> =ny+...4n, rk(Dx, @) = s1,
i

for x € RZ such that F,m(x) =0.

(1)
3. Furthermore, <’:II; ) are independent as functions of (X, x;), namely

!
£
rk D(Xkyxl) q’; =nm—+...+nc+s,
!

forall 1 < k </—1and x € R?, such that F{") (x) = 0.



Reduction with approximate conservation laws

Xf = q’/(X/).

We have X; = (X,_1,%;,X/), where X;_1 € RM+-H0-1 %, € RV
X; € R% and |D,V(,CI>/‘ 76 0.

X =Y)(X_1,%,x7)
@ Reduction: Define

red,i S c
Fk (k7X/—17X/7X/7X/+17X/+27"',Xm)

(1) o &~ C
Fro (K, Xi—1, %1, W1 (X1, X1, X7), X141, X142, - -, Xm)s

where B\ = F) fork e {1,....1—1}, and ) = (F). #"), for
ie{1,2}.

Theorem:/f the Conditions are fulfilled and

Fre" (K, X1, %1, X6, X114, X152, -, Xm) = O, then |D;(ka('3d’1)| #0, where

Xk:Xk, fort < k</[—1, andX,:(X,_1,i(,).



INPUT A CRN given by a polynomial vector field F(k, x).
OUTPUT: A transformed CRN given by a modified polynomial vector field.
1: ScaleAndTruncate.

2:1:=0

3: While I <m

4 l:=1+1

5. While |Dx, F"| #0

6: I:=l+1

7 end while

8 Find a complete set ®, of independent conservation laws for Fp) satisfying rank

conditions.
9:  Compute y;(X;—1,%,xf) the solution of the equation xf = ®@;(x).
10: Fori:=1tos

11: If ®; is not exact

12: Replace the ODE satisfied by X by X7 = (Dx®i)F(k,x)
13: Substitute X < yi(X/—1, X/, x7)

14: else

15: Delete the ODE satisfied by X

16: Define new constants k{ and concatenate them to k.

17: Substitute X (—\U,‘/(X/,hf{hkf)

18: end if

19:  end for

20:  ScaleAndTruncate.
21: end while



Case study, TGF]3 model (21 variables, 4 timescales)

b7
Ve
V3

Va

82(Rz}’z —Kiyr — 82/_<16}’1 ¥11)

&' (kiy1 +€%kirkasys — koy2)
€?(ksya +ekry7 + ekaskasyoo — Kaya
—eksyays)

&°(Kays +ekoys — Kaya — eKayays)

Vs

I3

%

i

Vo
Y10
20
W2
"3
V14
s
V16
7
Vs
21
V20
yo1

€' (ksys + kryz + 2€%Ki1 yo + ktoy1 11 — 2
€' (koys + kasya1 +2e%kiayio + ekays — ks
€ (Ksysys — kry7 — Kiayz)

€% (Kiayr + Keyays — Koys — ka1 ysy17)

€% (kioyg — ki1ye — Kisye)

€% (kisyo + Ki2yg — kiay1o)

€% (keayia — kaoy11)

82(81_(18 + ke7y1s + eksoy11 — Kas Y12 — ekeo
€% (Kio + kaoy11 + €%kaoyis — €2 ka1 y13 — €7
82(R22R37Y12Y13 — Kosy14 — kos Y14 — €Kaay:
€% (kosy12 — kory1s)

€% (kasy1s — koay1s)

€ (Kssy21 — Ks1¥sy17)

€% (katyay17 — Kaayis)

82(/_(34}’18 - /_<32Y19)

e’ (/_faz}’w - I_(SSI_(SS,VZO)

82(7(34}/18 — Kas)21),



Transformed model (18 variables, 5 timescales)

o = €' (kikio — koy2),

70— 82(k3k41 —2k3ys),

Vs = &' (ksys+ kryr + Keyays — kskatys),

V6 = €' (ksskao+ koys + Koy17 — Kokag — Ksys — Koy7 — kasy17 — kasy1s — KeyaYs),
7 = €(kekarys — kryr — kidyr — keyays),

yg = 83(k15k40y11 — Ki7k3sYs ),

Jo = € (kioy: — kiiye — kisys),

o = & (kisyo + kiayg — kisyo),

i = & (keayra—kaoyi1),

Jiz = € (keryis — kesyiz),

iz = € (ko + kaoyi1 — kazkaryi2yia).

Jia = € (kookaryrzyiz — kesyra — kosya).

s = € (kis+ ksoyi1 — kaoyiz — keoks7y12y13),

yie = € (kesyis — kooyis),

iz = €(ksskao + ka1 ksoy17 -+ Katyzy17 — kasyr7 — kasyis — ka1 y%; — ka1 ysyi7),
e = € (kayd +ka1Yey17 — kaayis — kaiksey17 — katyzyiz),

Jie = € (ksayrs —kaayro),

Joo = €'(ksoyre — kaskasyeo)-



Numerical test of the reduction

TGFB timescale £ * TGFB timescale £

Concentrations
Concentrations
I
S

Time

Concentrations




