Model-Driven Computation of
Disjunctive Normal Forms

Christoph Liiders

University of Kassel

Symbiont Workshop, 16.03.22, Bonn

. ' SYMBIONT PROJECT

Christoph Liiders (University of Kassel) Model-Driven DNF Computation Symbiont WS Bonn 16.03.22  1/37



Overview

Preliminaries
Example
The Calculus
Theorems
Benchmarks

Christoph Liiders (University of Kassel) Model-Driven DNF Computation Symbiont WS Bonn 16.03.22  2/37






Preliminaries: Satisfiability Modulo Theories

SMT solving tests a first-order formula for satisfiability
The formula can contain free constants

It allows to produce a witness, called a model

It requires a theory

We use QF_LRA
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Preliminaries: Satisfiability Modulo Theories, Example

> 0 A x < 1 is satisfiable in QF_LRA
is a withess
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Preliminaries: Satisfiability Modulo Theories, Example

> 0 A x < 1 is satisfiable in QF_LRA
is a withess

@ =x>0Ax < 1is not satisfiable in QF_LIA
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Preliminaries: Distributive Normal Form

Definitions:
m Given a set P of constraints
For p € P, we call p and —p literals
For literals ¢1,...,¢,, we call /1 A--- A £, a conjunction

The empty conjunction is true

For conjunctions v1,...,7s, we call v1 V - - -V 75 a disjunctive normal
form (DNF)

The empty disjunction is false

A conjunction of disjunctions is called a CDC-form
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Preliminaries: Tropical Equilibria

m Tropical polynomials are piecewise linear functions
m Operations are:
m a® b:=min(a,b)
mEa®b:=a+b
m Tropical polynomials can be interpreted as (convex) polyhedra,
possibly unbounded
m Tropical equilibrium of a polynomial:
m Sort monomials by sign into P and
m Tropicalize P and N/
m Tropical equilibrium of a set of polynomials: intersection of tropical
equilibria of polynomials
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Preliminaries: Tropical Equilibria, Example

x12+3xz—x23—x1x2:0

2
X7 +3x0 = x§ + x1x0

min(2a1,3 + a2) = min(3ay, a1 + a2)
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Preliminaries: Tropical Equilibria, Example, cont'd

min(2a1,3 + a2) = min(3az, a1 + a»)
)

(a1 =3 N 231 <34+ AN3ax<a+a)V
(231231—{—22 AN2a3 <3+a A al—|—32§332) \
(B3+a =3 AN3+a<2a AN3ax<a +a)V
B3+a=a1+a A3+a<2a A a+ a <3a)
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Preliminaries: Tropical Equilibria, Example, cont'd

min(2a1,3 + a2) = min(3az, a1 + a»)
)

(a1 =3 N 231 <34+ AN3ax<a+a)V
(231231—{—22 AN2a3 <3+a A al+32§332) \
(B3+a =3 AN3+a<2a AN3ax<a +a)V
B3+a=a1+a A3+a<2a A a+ a <3a)

m The tropical equilibrium of a polynomial is a DNF

m The tropical equilibrium of a set of polynomials is a CDC-form
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Task: Compute the intersection of the orange and green sections




Step 1: SMT solver produces a witness: point E




Example

Step 2: For each color, find a DNF that contains the point

A B
C D o F G
H / J
K L M N

0 P
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Example

Step 3: Intersect the found DNFs

A B

C D E G
H /

K L M N
0] P
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Example
Step 4: Exclude the intersection of DNFs

A B

0] P
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Example

Step 1, pass 2: SMT solver produces a witness: point F

A B

C E 'F G
/ J

K L M N

0] P
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Example

Step 2, pass 2: For each color, find a DNF that contains the point

A B

C D E F G
H / J

K L M N
) P
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Example

Step 3, pass 2: Intersect the found DNFs

A B

C D E F G
H / J

K L M N
0] P
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Example

Step 4, pass 2: Exclude the intersection of DNFs

A B

C D G
H

K L M N
0] P
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Example

Step 1, pass 3: SMT solver produces a witness: point L

A B
C E F G
/ J
[ ]
K L M N
) P

Christoph Liiders (University of Kassel) Model-Driven DNF Computation Symbiont WS Bonn 16.03.22 20 /37



Example

Step 2, pass 3: For each color, find a DNF that contains the point

A B

C D E F G
H / J

K L M N
) P
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Example

Step 3, pass 3: Intersect the found DNFs

A B
C E F G
/ J
K M N
0] P
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Example

Step 4, pass 3: Exclude the intersection of DNFs

A B

0] P

Christoph Liiders (University of Kassel) Model-Driven DNF Computation Symbiont WS Bonn 16.03.22 23 /37



Example

Step 1, pass 4: SMT solver cannot produce a witness: unsat!

A B

' a I

0] P
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The Calculus

m A state is a 4-tuple (¢, 9,1, (), where ¢ is a formula, ¢ is a DNF, # is
a formula or L, and ¢ is a DNF or L
m The input is the CDC-form

p=A\V

i€ jeT;

m The initial state is
So := (o, false, L, L)

m If no rules are applicable, an end state (¢, dend, ¥, ¢) is reached with
dend as the output
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The Calculus, cont’d

Filter:
(¢, 0, L, 1) = (i, 6, 1y, false)
where ¢ = o A @i, Yo = Niez Vjes(pom,i) Vi
if  is sat with M = ¢
Add Clause:
(0,6, 4,0 = (¢, 6, b A=, (VY)
where ¢ = tho AV, Yo = Niez Vies(pomn Yidr V' = Niez Vis(wo.N,0)
if £ 1, (# 1, and 1 is sat with N = ¢
Entailment:
(¢, 6,9, Q) = (¢, 0,9, ()
where ( =71 V-V VY, =V Voot Vg Ve Vs VY
if#£ 1, (#1L, and v — 7 is sat
Combine:
(¢, 0,9,¢) = (pA=¢oV( L, 1)
if £ 1, (# 1, and ¢ is unsat
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The Calculus: Termination

Theorem (Termination)

The calculus terminates. In other words, there are no infinite derivations

SoFSiF...
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The Calculus: Invariant

Proposition (Invariant of the calculus)

Consider a derivation

SoF* T
= (gDo,false, ,+) is the initial state, where (g is the input formula.
= (p,0,-,-) is a state. Then
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The Calculus: Soundness

Theorem (Soundness)

The calculus is sound. In other words, let o be an input CDC-form and
let dena be an output DNF. Consider a terminating derivation

SoF* T,

where So = (o, -, -, ) is the initial state and T = (-, end, ", ") is a
terminating state. Then

Yo = Clamdle
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The Calculus: Minimality

Proposition (Minimality)
Consider a derivation

So "V,
where Entailment is applied whenever applicable. So denotes the initial
state. V =(-,9,,-) is a state. J is a DNF and has the form \/, y«. Let ¢,
m € N such that £ # m. Then

Ye ¥ Ym- )
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Benchmarks: Different Solvers
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Benchmarks: SMTcut vs. Redlog
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Benchmarks: SMTcut vs. Samal 2016
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End credits
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